Proceedings of the Jangjeon Mathematical Society www.jangjeon.or.kr
20 (2017), No. 2. pp. 163 - 177 http://dx.doi.org/10.23001/pjms2017.20.2.163

REVISIT OF IDENTITIES FOR DAEHEE NUMBERS ARISING
FROM NONLINEAR DIFFERENTIAL EQUATIONS

GWAN-WOO JANG AND TAEKYUN KIM

ABSTRACT. Recently, Kwon-Kim-Seo introduced some interesting identi-
ties of Daehee numbers arising from differential equation.

In this paper, we consider the inverse problem for the some identities of
Daehee numbers which are derived from differential equations in [6].

1. Introduction

The Bernoulli numbers are defined by the generating function to be

oo n

ett—l :ZB”%’ (see [1 = 17]). (1.1)

=0

n
By replacing t by log(1 +t) in (1.1), we get

log(1 m
og( +t) ZB log 1+1))
o
tn
= Z B, Z Sl(n,m)m (1.2)
m=0 n=m

n

oo n t
= Z ( Z Sl(TL;TTL)B’HL)H7

n=0 m=0

where S1(n,m) is the stirling number of the first kind.
As is well known, Daehee numbers are defined by

w=>_ Si(n,m)B,,, (n>0). (1.3)
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From (1.2) and (1.3), we note that the generating function of Daechee numbers
is given by

o

log(1+1t) t"
— —;Dnm, (see [2]). (1.4)
The Daehee polynomials are also defined by the generating function to be
log(1 + t) "
— (1 +1)" = nZoD (2) (1.5)
Thus, by (1.4) and (1.5), we easily get
n
n
Dy(z) =" (z) (@) D1, (n>0), (1.6)

1=0
where (2)g=1,(z), =2(z—-1)--- (. —n+1), (n>1).
From (1.4), we have

oo oo
(ef =1  t tm
;)Dn = _mZ:OBmm. (1.7)

It is not difficult to show that

oC 1 oo oo t"”

Z Dna(et -1 = Z D, Z Sa(m, n)m

n=0 n=0 m=n (1 8)
m .

By (1.7) and (1.8), we get

= i D,,S2(m,n), (m > 0),

where Sy(m,n) is the stirling number of the second kind.
Recently, Kwon-Kim-Seo introduced the following differential equation (see [6]) :

(%)N <w -t) _ (%)Nlog(l 4 )= mfjo(m + N)me,l%.
(1.9)

For € N, the higher-order Daehee numbers are defined by the generating func-
tion to be

<10g (1+1) ) ZDM . (see [2)).
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In this paper, with the viewpoint of the inverse problem of (1.9), we derive some
new identities of Daehee numbers arising from nonlinear differential equation.

2. Some identities of Dachee numbers

Let
1
Then, by (2.1), we get
2 log(1+t)
FO = Ly = — ! ¢
dt elog(1+t) — 1 L+t (2.2)
1
=———(F+F?.
1+ t( + )
From(2.2), we have
(1+t)FMN = —(F + F?), (2.3)
and
F2=—F—(1+t)FW. (2.4)
Let us take the derivative on the both sides of (2.4). Then we have
2FFM = M _ pM _ (1 4+ )F® = 2F® _ (1 +)F@, (2.5)
Thus, by multiply (1+t) on the both sides of (2.5), we get
2F(1+t)FY = 2FMW (1 4¢) — (1 41)2F3?, (2.6)
and
—2F(F + F?) = =201+ t)FM) — (1 +)’F®. (2.7)
Thus, by(2.7), we get
2F3 = —2F% 4 (-1)22(1 + ) FY) 4+ (=1)2(1 + t)?F® 28)

= (-1)22F + (- 1)24(1 + ) FY 4 (~1)2(1 + t)2FP.
Taking derivative on the both sides of (2.8), we have
3IF2FM = (—1)22F®) 4 (—1)24FD) 4 (—1)24(1 + t)F®
+2(=1)2A +)F@ + (=1)2(1 +t)2F® (2.9)
= (~1)%6F® + (-1)%6(1 + ) FP + (-1)2(1 +t)2F®),

165



166 G-W Jang and T. Kim

where ()Y F = (LYVF(t) = F™), (N e N).

Multiply (1 + ¢) on the both sides of (2.9), we get

3IF2(1 4+ ) FWY = (=1)26(1 4+ t)FV 4 (=1)26(1 + 1)2F® + (=1)2(1 + t)*F©®).
(2.10)

Thus, by (2.3), we get
3IF2(—1)(F + F?) = (=1)%6(1 + ) FY 4+ (=1)%6(1 + t)2F® 4+ (=1)2(1 + t)3F®),
(2.11)
By (2.11), we get
3IFY = —6F% + (—1)%6(1 + ) FD) + (=1)%6(1 + £)2FP + (=1)*(1 4+ t)°F®
= -3((-1)2F + (- 1)1+ ) FY + (-1)2(1 + 1)?F@)
+ (=1)26(1+ ) FV 4+ (=1)%6(1 + t)2F®) 4+ (=1)3(1 + t)°F®)
= (=1)%6F + (=1)*18(1 + ) FY + (=1)%9(1 + t)2F@ 4 (=1)3(1 + )3 F©).

(2.12)
Continuing this process, we can set
N

NIFNTE = (DN Y ap(N)(1+ 1) FW, (N e N), (2.13)
k=0

where

k
FN*l—FxFx...xF, F® = (%) E(t).
N———

N-+1—times

Let us take the derivative on the both sides of (2.13) with respect to t.
Then we have

N
(N + D)IFVFD = ()N Y ay (V) (k:(l F LR 4 (14 t)kF(k“)) .
k=0

(2.14)
Thus, by (2.14), we get

(N+1DEN1+6)FD

- (2.15)
= (—l)N Zak(N) {(k(l 4 t)kF(k) +(1+ t)k+1F(k+1)} .
k=0
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From (2.3) and (2.15), we have

(N + 1)!FN(F + F?)

N
— (71)N+1 Z ak(N) (k(l + t)kF(k) + (1 + t)k+1F(k+1)). (216)
k=0

By (2.13) and (2.16), we get

N
(N+DIFNT2 = (DNFEY " ap (N)k(1 4 1) FO)
k=1

N
+ (DY T ap(N)(1 4+ M PR — (N NIV
k=0

N
= (DS a(NR(L+ )P F®
k=1

N+1
+ (DN ag o (N) (L + 1) F®
k=1

N
+ (N + DDV " ap(N) (1 + 1) FR
k=0

N
= (DN (k4 N+ Dag(N)(1+ 1) F®
k;l
+ (DY e (V) (1 1) P
k=1

+ (N 4+ D)(=D)Nag(N)F + (1) ay (N)(1 + VD

N
= (VY {(k: + N+ Dap(N) + ak_l(N)}(l +t)k k)
k=1

+ (N + D) (=D)Nag(N)F + (-1)N*lay (N) (1 + ) NN,

(2.17)
By replacing N by N + 1 in (2.13), we get
N+1

(N + DIFNT2 = (VDN " i (N + 1) (1 + )" F®. (2.18)

k=0
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Comparing the coeflicients on the both sides of (2.17) and (2.18), we have

and

ag(N+1)=(N+1)ap(N), an+1(N+1)=an(N), (2.19)

(N + 1+ k)ak(N) + ak_l(N) = ak(N—l- 1), (1 <k< N) (2.20)

From (2.4) and (2.13), we have

—F—(1+t)FY = F2 = _qy(1)F — a;(1)(1 + t)FD). (2.21)

By (2.21), we get

ap(1) =1 and a1(1) =1. (2.22)

Thus, by (2.19), (2.22), we have

ag(N +1) = (N + 1ag(N) = (N +1)Nag(N —-1)=---= (N +1)N---2-ap(1)
=(N+1)N(N-1)---2-1=(N+1),
(2.23)
and
an+1(N+1)=an(N)=any_1(N—-1)=---=ai(1) = 1. (2.24)

For 1 <k < N, by (2.20), we have

ak(N + 1)

N +1 +k)ak(N) +ak_1(N)
N+1+ k){(N+ k)ar(N — 1) + ap_1 (N — 1)} +ap_1(N)

- (

= (

=(N+14+E)(N+E)apg(N—-1)+ (N +14+Ek)ag_1(N —1) + ar—1(N)
=(

N+1+k)(N +k){(N 1+ k)ap(N — 2) + ap_1 (N — 2)}
+(N+14+k)ag_1(N—1)+ar_1(N)

=(N+1+4+k)sap(N—2)+(N+1+k)ap_1(N—2)

+(N+14+k)ap_1(N —1)+ar_1(N)
(2.25)
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N
= (N+1+k)zak(N -2+ > (N+1+k)n_pax_1(n)
n=N-2
N
2.26
= (VL By £ Y VAL D) )
ny=k

N
Z (N+1+Ek)N_n,ak_1(n1).

ny=k—1
From (2.25), we note that

N
ap(N+1)= > (N+1+k)n_nak1(n1)

ny=k—1

z N +1+ k')N—nl (nl +k— 1)n1—1—7z2ak—2(n2)
10=k—
ni—1

’lL*

Z Z N+1+k N 7L1(7L1+k_1)n1 1—no

ni=k—1ns=k—2n3=k—3
X (N2 +k—2)py—1-nzar—3(ns)

np—1 ng—1—1
Z S Y (N 1+ RN (k= Dy 1o,
ni=k—1ns=k—2 n=0
X oo X (Mg—1 + Dy —1-np a0 (n)
ny—1 ng 1—1
Z Z Z N+1+k N nl(nl +k )nlflfnz
ny=k—1ns=k—2 ni=0

X oo X (et + Vg y =1 k!

ny—1 ng-1—1

Z SEEDS (N +1+k)!

Sl P i =0 Hl 1m+k—l+2)(nl+k—l+1)
(2.27)

Therefore, we obtain the following theorem
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Theorem 2.1. (Fundamental identity)

For N € N, we have

N
NIFNTE = (=D)N > " ap(N) (1 + 1) FO),

k=0
where aO(N) = NI, aN(N) =1, and
-y Yy REL
mi=k—1ns=k—2  ng=0 a4k =1+ 2) (i +k—1+1)

From Theorem 2.1, we note that

N+1 N
N! (@) =(-DV kgoak(N)(l + ) (log(1 + t))N+1(—1) k!m
N al k N-k ko ((log(1+6)\ "
=(-1) Zak(N)(l—l—t) (log(1+1¢))" " (=1)*K! <f> )
= (2.28)

Now, we observe that

(1+6)*(log(1 + ) *(=1)*&!

= (N — E)lk!(-1)" <i
[e%s) I3 3

= (N — k)k!( 1)k ( z z S1(lay N — k) (k)i5—1, Gz) %)

I3=N—-kla=N-k

gy

14=0
= (N — k)lk!(—1)*
[e%S) n I3
I3\ /n bl
x (Z > <12><l3>51(l2,N—k‘)(k)13 LD lg) 5
n=N—-K \lzg=N-klo=N-k

(2.29)
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From (2. 29) we have

NS a1+ 0 logl1 + ) - s

N

k+1
= (- DN Y ar(V)(1+ 1) (log(1 + 1) (- 1)*K (M) +

k=0

N
= (DN S (V) (N — k)l (-1)*
k=0

e’} n I3 l
< 22, 3 () @)s oo

k ls=N—kls=N—k

N
= (=D)V Y a(N)(NV = k)kI(-1)*

X{ i | Zn: | :i;_k (l"> (Z)Sl(lz,N—k)(k)ls_lzp(’“_“)ﬁ

n=ls pl

o n ls
. " k1) "
+ > k ( ) (l:;) Si(l2, N — k)(k)lg_lszL_ls>m}
lo=N—k

n=N+1l3=N—kl> l2
N n .
Z (N)(N k 'k" l)kZ Z Z <3)< )Sl ZQak‘)(N k)ls—lz
k=0 n= kls klz k
t"
DTS (S a6 - Rk > > (1)
n=N+1 k=0 =N—-klx=
< ()51 = DD )
N n n

=> (ZZ Z < )( >Sl Lo, K)(N = k)iy—ian—i(N)E(N = k)!(=1)*

n=0 k=0Il3=kly=k
N—k+1)\ t" "
D)5 3 (X3 3 (1)(1)s e -om,
k=0ls=N—k lo=

n=N+1

n!

ax(N)DS D (N — k-)!k!(_nN—k) =

n n 3 ;; ls) (N—k+1)
Z SN RS (I, k) (N = k)i, —,an—k(N)D, .

n=0 \k=0ls=k lo=Fk

x<—1>k)n, S Y W0 N

n=N+1 k=0Il3=N—-klo=N-k k)

x ap(N)DEHD (— 1)N—k)ﬁ}.

n-ls n!

(2.30)
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v (2.29) and (2.30), we get

i pw+t" _ (M)N“
v " n! t
N n n

ls l3 n n
zz( S N( ) S1(l2, k)N — k)iy—tzan—(N)DEN Y (— 1)k)L
Ic

n!
n=0  k=0l3=Fk lo=k

fe's} N n I3 l3) (n) (k1)
3 (Z Z S1(l2, N = k) (k)iy —za (N) D!
n=N+1  k=01l3=N—kls

tn
n—k
X (—1) E.
(2.31)
Therefore, by (2.31), we obtain the following theorem.

Theorem 2.2. Forn € N, we have

n g

DSLN+1) Z Z Z lz 13) Sy (la, k) (N — k)zs_zZaN_k(N)Dle,f“)( 1)lc
k=0ls=k o=k \k

where 0 <n < N. For N +1<mn, we have

DN+ = Z Z Z 12 (13)51 (l2, N — k) (k)1, 1,0k (N) DD (—1)n=k,

k=0l3=N—-kl;=N-k

From Theorem 2.1, we have

1 N
N!(W)M = ()™ (log(1 + )" 3 a(N)(1 + )k F®
k=0
N : /1o
= (=) (log(1 +£))*"* > ar(N)(1+ t)’“(%)k (1 g(1t+t) ' 1og(11+t))'
k=0

(2.32)

As is well known, the Bernoulli numbers of the second kind are defined by the
generating function to be

oo

SIS S .
log(1 +1t) T;) n! (2.33)
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‘We note that

() (0 )

- () G * 205 o )

- () e (S 22 5y (S

- () (e 1+ 2 (3 () pesgom) 1)
From (2.33) and (2.34), we have
(@) (0 )

~(@) S LS (3 (1) 2t >;i:}

e oo n+k
bn+1+k " n+k 7n+1 t"
= § Onirk Yokl ( boskm )
—n+1+k ey tk+1+z 2 m+1 ")

n=0 m=0
(2.35)

(2.34)

y (2.35), we get

t)* (log(1 + t))N-HF(k')

= (tog1 1) (i (f>tl>

oo la+k D L bl ik tlz
m+ 2+1+ k
b m 7) 1)kl —
X{IE:()(:J7,L+112+" +l+1—|—k lo! +(=1) tk+1}
2=0 m

(
X {i(z Z_ Zn_l:_iblz—b-k—m )i— 12< > Z bll;:ll:: (k)11 (é));—j}
+(=DF(N +1)! i { i (k)n_l3<z>51(l3+k+17N+1)}g
I3

“N—k (Is+k+ 1)(13;;:]6)
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0 s L Ltk ) I
-+ 2 51(14,N+1)l4—!)<z(z >y mm++1 bty (Kt <12>

l4=N+1 =0 lo=0m=0
Zblz+1+k l )tl
lo t 1+ k Rtz o))

© ” n\Si(ls+k+1,N+1)| t"
DRV D Y {l 2 (Rhn-ig (Lz) (533+k+1)(13+") )}H

n=N-—k =N—-k

[e9) n—N-1 l2+k
=(N+1)! > { > Z > m"_fi zz+k—m(k‘)l—1251(’fl—l:N+1)<ll2)

n=N+1 =0 l3=0m=0

O £ (Bt ()0)

n=N+1

m oo n
XSl(TL—l,N+1))E+( N+1 Z { Z nlg(Z)
: —k \lz=

Si(ls+k+1,N+1) t"
(Is+k+1) ()

n—N-1 l2+k'
m l
= (N +1)! Z { ZZ +1blz+k_m(k:)l_1251(n—l,N+1)<l2)

n=N+1 =0 l2=0m= 0
n—N-1 1
n b, +1+k 1\ [n t"
x <z>+ : Zm(k)l‘“(b) <z)51( ZNH)}n!
. > " n\ Si(ls+k+1,N+1) | t*
+ (=1)*(N + 1) Z { > (k)n,l3<l3) -

it (s +k+1) (")
(2.36)

From (2.36), we have
N

(~D)N (log(1 + )" S ap(N)(1 + ) F®

N
= (=DM ar(N)

k=0

%) n—N—-1 [ lIlx+k D

{(N+ ntoye ( > m’Tibmkfm(k)Hle( —LN+ 1)< 2)

n=N+1
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n—N-1 1
n b, +1+k IN /n\
()% X oo nen () ()5

1=0 =
> - n\ Si(ls+k+1,N+1)\t"
T (C1EOY 1) (K)o ( ) )—}
ng\f:k ler: k *\ls (l3+k+1)(l3l§k) n!
0o n—N-1 1 lz+kD I
— N m+1 X
=(N+1! > (-1) Zak < ZZm+1b12+k_m(k)l_lz<l2>
n=N+1 =0 l3=0m=0
n—N-1 1
b, +1+k
N+1 2 (k)1_1, S —I,N+1
<(7)se-tnan s S S B WL LN+
l n tr N > ~ n
N—-k
X<lg)(J)HHNH@%W)(_H > (3 we(])
k=0 n=N—k \Il3=N—k
S1(l3+k+l N+1)
(Is+k+1)(") n'
oo N n—-N-1 1| lIx+k
=(N+1! Y { 1)1\’2 SNy ak (N) m*iblﬁk,m(k)l,lz
n=N+1 k=0 [=0 Ilx=0m=
N n—-N-1 1
I\ [n N b, +1+k
xsl(n—z,NH)(lQ) <l>+(_1) g ; l;]ak(zv)m(k)lfzz
(N (M sim—1 N+ 1)L E (N+1)'ZaN () (= 1)F
Iy l n! =
N n
s+ N—k+1, N+1)
X (N k‘n 1 )
= - (I3+N—-k+1,N+1)\t"
+Z< (N = E)p—i, )lst:ll3+Nk>'}
n=N+1 \ls=k (Is + + )( ) :
o] N n—N-— lo+k
=(N+1)! Z { NZ Z Z Zak m+1blz+k m(K)i1,
n=N+1 k=0 [=0 I;=0m=0
N n—N-1 1
l b, +1+k
~I,N+1 N N)=2— 2 (k);_
xSl(n l, + )(12>( >+( ) Z ; l;)ak( )l2+1—|—]{7( )l 1o

R S

k=013=k
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Si(ls+N—-k+1,N+1) |t N n o n
) (ls(j:N k+1) (BN k))} HORDDY <Zzawk(1\’)(—l)’“

n=0 k=0l3=k
N — 1L,N 1
X(Nik)n43<l>51(lg+ k+1,N + >
3

(Is+ N — k4 1)(=HVF

(2.37)
y (2.1), we set
10g(1 + t) N+1 > (N+1) t"
N!(f> = N1y DV (2.38)
n=0
Therefore, by Theorem 1, (2.32) (2.37) and (2.38), we obtain the following the-
orem.
Theorem 2.3. Let N € N,
(1) For 0 <n < N, we have
(N+1) _ E(n _ 1. n
D (N +1) Z Z an—k(N)(=D)F(N — &)y (13)
k=01l3=k
Si1(ls+N-k+1,N+1)
x T N—Fy
(Is+N—k+1)( P )
(2) Forn > N + 1, we have
DN+ N N n—N—-1 1 ls+k Dy N /n
=(-1) DO ar() bty +k—m (k)11
N+1 prr Sy foop m+1 lo) \ 1
N n—-N-1

xSi(n—L,N+1)+(-D)N Y Z“’“(N)%(k”’” <llz> <7>

N n
x Si(n—1,N+1)+ Z Z an_k(N)(=D)*(N = k)1, (Z)

k=01l3=k
Si(ls+ N —k+1,N+1)
(Is+N—k+ 1)) F)

References

1. A. Bayad, T. Kim, Higher recurrences for Apostol-Bernoulli- Euler numbers, Russ. J. Math.
Phys. 19 (2012), no. 1, 1-10.

2. B. S. EI-Desouky, A. Mustafa, New results on higher-order Daehee and Bernoulli numbers
and polynomials, Adv. Difference Equ. 2016, 2016:32, 21 pp

3. T. Kim, D. S. Kim, A note on nonlinear Changhee differential equations, Russ. J. Math.
Phys. 23 (2016), no. 1, 83-92



Revisit of identities for Daehee numbers arising from nonlinear differential equations 177

4. T. Kim, O. Herscovici, T. Mansour, S.-H. Rim, Differential equations for (p,q)-Touchard
polynomials, Open Math. 14 (2016), 908-912.

5. T. Kim, D. S. Kim, L.-C. Jang, H.-I. Kwon, J.-J. Seo, Differential equations arising from
Stirling polynomials and applications, Proc. Jangjeon Math. Soc. 19 (2016), no. 2, 199-212.

6. H. I. Kwon, T. Kim, J.-J. Seo, A note on Daehee numbers arising from differential equa-
tions, Global Journal of Pure and Applied Mathematics, 12(2016), no. 3 2349-2354.

7. J. J. Seo, T. Kim, Some identities of symmetry for Daehee polynomials arising from p-adic
inwvariant integral on Zp, Proc. Jangjeon Math. Soc. 19 (2016), no. 2, 285-292.

DEPARTMENT OF MATHEMATICS, KWANGWOON UNIVERSITY, SEOUL 139-701, REPUBLIC OF
KOREA
E-mail address: gwjang@kw.ac.kr

DEPARTMENT OF MATHEMATICS, KWANGWOON UNIVERSITY, SEOUL 139-701, REPUBLIC OF
KOREA
E-mail address: tkkim@kw.ac.kr





